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The gravitational instability of an infinitely extending homogenous, partially ionized plasma, per-
meated by an oblique magnetic field, has been studied to investigate the effects of Hall currents,
finite conductivity, viscosity, collision with neutrals and thermal conductivity on the growth rate of
the disturbance. The dispersion relation obtained has been solved numerically, and it has been found
that Hall currents and collision with neutrals have a destabilizing influence on the growth rate while
the other mechanisms reinforce the gravitational instability. Jeans’ criterion, derived within a purely
hydrodynamic framework, has been rediscussed along a nonextensive kinetic theory. A new Jeans’
criterion was deduced, which depends on the nonextensive parameter g and the standard Jeans’ wave

number is recovered in the limiting case g = 1.
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1. Introduction

The gravitational instability problem of an infinite
homogenous medium was first considered by Jeans [1].
According to Jeans’ criterion, an infinite homogenous
self-gravitating atmosphere is unstable for all wave
numbers k smaller than the Jeans’ wave number k; =

@, where p is the density, G the gravitational con-

stant and S= \/g the velocity of sound in the gas,
k the Boltzmann’s constant, T the temperature and
m the mass of the particle.

Since then, several researchers have studied this
problem under varying assumptions of hydrodynam-
ics and hydromagnetics. A comprehensive account of
these studies has been given by Chandrasekhar [2],
who showed that Jeans’ criterion remains unaffected
by the separate or simultaneous presence of a uni-
form rotation and a uniform magnetic field. Chhajlani
and Vaghela [3] have studied the stability of a self-
gravitating plasma with thermal conduction and Finite
Larmor Radius (FLR) through porous medium. The
combined effects of viscosity, FLR, finite conductiv-
ity and Hall currents on the gravitational instability of
a homogenous, rotating, thermally conducting plasma
have been investigated by Mehta and Bhatia [4].

In cosmic physics, there are several situations, such
as chromospheres, the solar photosphere and cool in-
terstellar clouds, where the plasmas are frequently not

fully ionized but may instead be partially ionized, so
that the interaction between the ionized fluid and the
neutral gas becomes important. Research considering
the case of partially ionized plasmas has been car-
ried out by Alfven [5], Lehnert [6], Kumar and Srivas-
tava [7], Cadez [8], Ali and Bhatia [9] and Hazarika
and Bhatia [10].

In recent years, Jeans’ stability problems have been
analyzed in the framework of nonextensive Tsallis [11]
statistics and its associated kinetic theory. Noteworthy
work in this field has been done by Lima, Silva and
Santos [12] and Du [13, 14].

In the present paper we discuss Jeans’ gravitational
instability for a plasma model endowed with several
mechanisms, namely ion viscosity, collision with neu-
trals, Hall currents, finite conductivity and thermal
conductivity. The main result is that these mechanisms
play different physical roles in the perturbation. Jeans’
criterion is derived in the framework of fluid theory.
Moving along Du’s line of approach [14], a possible
Kinetic treatment of Jeans’ criterion is also discussed.
It is shown that Jeans’ criterion is modified due to the
nonextensive effect by a factor that depends on the
nonextensive parameter g.

2. Perturbation Equations

Consider the motion of an infinite homogenous,
thermally conducting hydromagnetic fluid of density p
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and finite conductivity permeated by neutrals of den-
sity pg (p > pg) in the presence of Hall currents. We
assume that the two components of the partially ion-
ized plasma (the ionized fluid and the neutral gas) be-
have as a continuum, and that their steady state veloc-
ities are equal. We assume that the magnetic field in-
teracts only with the ionized component of the plasma,
and that the frictional force of the neutral gas on the
ionized fluid is of the same order of magnitude as
that of the pressure gradient of the ionized fluid. The
force due to the thermal conductivity, viscosity and the
pressure gradient of the neutral gas is much smaller
than that of the ionized fluid. Thus, we are consider-
ing here only the mutual frictional effects between the
neutral gas and the ionized plasma in the presence of an
oblique magnetic field. The problem is tractable math-
ematically, and it is hoped that the model considered
reveals the essential features of the problem.

Under the foregoing assumptions, the linearized per-
turbation equations appropriate to the flow of the par-
tially ionized plasma are

aU - —
P =~ V8p+ (Vxh)xH+p(V50)

1 21
+uV%u+ SV (V0) + pave(g — ),
%z—vc(ad—uwvscp, (2.2)
h_p x(uxﬁ)—iw [(Vxh) x H]
ot Ne (2.3)
+nV?h,
0
0P+ (@V)p =0, (2.4)
V25¢ = —Gédp, (2.5)
0
—(8p—7S8p) = yxV?(8p—S8p),  (2.6)

ot

where u(u,v,w), h(hy,hy,h;), 6p, dp and 5¢ are, re-
spectively, the perturbations in velocity u, magnetic
field H, density p, pressure p and gravitational po-
tential ¢. The corresponding quantities for the neutral
gas are denoted by ug and py. The collision frequency
between the two components is represented by v.
Here u is the viscosity, G the gravitational constant,
n the magnetic resistivity, N the electron number den-
sity and ethe charge of the electron. Also, y denotes an
adiabatic exponent and y is the thermal conductivity.

The magnetic field is assumed to be uniform and
oblique, i.e. H = (Hyx,0,H;). We seek the solutions
of (2.1)-(2.6), whose dependence on the space coor-
dinates (x,Y,2) and time t is of the form

exp(iksin Ox+ ikcos6z+ int), (2.7)

where k = (ksin6,0,kcos6) is the wave number of
perturbation making an angle 6 with the x-axis, and n
is the frequency of perturbation. Eliminating 6p, 6¢,
and 6p from the above equations and writing o =
pd/p, We get six equations governing the perturbation
of the velocity and magnetic field, which can be written
in the matrix form

[A[B] =0, (2.8)

where [A] is a sixth-order square matrix and [B] is a
single column matrix in which the elements are (u, v,
w, hy, hy, h;)T. The elements of [A] are

. inave . ., 2 1.5

A =in+- —iDsin“ 0 k' 1+ =sin“0

1 +|n+vc +Vo <+3 )’
1 . .

A =0, A13:(§v0k2—|D>smecose,

. Hz. .

A14=—;ZI|(COS@, A5 =0, AlBZFZIkSIne,
. in

A1 =0, A22=II’H-.I Ve +vok?, A3 =0,
Cindve

k.
Aga =0, A25:—IE(HX5|n9+HZCOSG), Agg =0,

Ag = (%vok2 — iD) sin0cosf, Az =0,

Agz = in+ ii::x_\;cc —iDcos? 6 + vpk? <1+ % cos® 6) ,

Agy = iikcos 0, Axs=0, Ags= —iiksin 0,

As = —szikcose, Ap=0 Ap= Hfikcos@,
k?cos 6

Au =in+nk?, A= (Hxsin 6 4+ H,c0s0),

e

A =0, As1=0, Asy;=—ik(Hysin®+H,cos0),
As3 =0, Agy= _szlz\lc;se (Hxsin 6 +Hzcos6),
s —int k2. Ags = M (14 Gin6 1 Hycos6).
As1 = Hziksin0, Ag =0, eA63 = —Hyiksing,
Aoa =0, Ags—— kZSiZG (Hysin @ + H,c0s0),
Ags = in+nk?, (2.9)
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where we have written

D

_ SRy(in+ xk?)(in+ ve) — Gp{in+ (1 + o) ve} (in+ yxk?)

. (2.10)

n(in+ vo)(in+ v k2)

3. Dispersion Relation

The vanishing of |A| gives the dispersion relation as the product:

(in+nk?) H (in+ LA vok2> %(Hxsin 6 + Hzc0s6)% + (in+ nk?) { (in+
e

N+ v

inocve
in+ v¢

+v0k2> (in+nk?)
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in+ v¢

The first factor gives

n=ink?, (3.2)

which corresponds to a viscous type of damped mode
modified by a finite conductivity. By writing n = iW
and using the value of D in the second factor of (3.1),
we obtain the resulting dispersion relation, which is an
equation of twelfth degree in W of the form

w2 — C;]_;]_W11 + C;]_()W10 — CgW9 + CsW8
— W7 + ceW8 — csWP + c,W*
— W3 + W2 — W +¢o = 0.

3.3)

The coefficients ¢y to ¢;1 in (3.3) can obviously be ob-
tained from (3.1). We use here explicitly only the coef-
ficient cy since we discuss the nature of the roots of W
with its help:

co = Y x2Kvg (K —Gp(1+a))
. [VokZ(MZVO +MV2+ V0k4L2)
+ Mvg —|—V2] ,

(3.4)

1
where
M=nk2, V2= (Hxsin @ + H,cos 6)?
e P " (@35
(Hxsin 6 +H,cos6)
= N , Vo= —.
e P
4, Discussion

4.1. Analysis of Jeans' criterion

This section deals with the analysis of Jeans’ crite-
rion from two different approaches — the fluid theory
approach and the kinetic theory approach.

(i) Jeans’ criterion in a purely hydrodynamic frame-
work:

The solution of the dispersion relation (3.3) leads to
a critical wave number for the instability

VGp(l+a) = kv (1+ ),

S (4.1)

ke =
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where kj is Jeans” wave number. Clearly from (3.4),
the nature of the roots of (3.3) depends on the nature
of the factor (S?k? — Gp(1+ «)). Two possible cases
have been discussed.

When (Sk? — Gp(1+ a)) < 0, the product of the
roots is negative. Therefore, (3.3) has always one neg-
ative real root. The considered plasma is, therefore,
unstable when (S?k? — Gp(1+ «)) < 0, which is pre-
cisely Jeans’ criterion for a partially ionized plasma.

However, when (S?k? — Gp(1+ «)) > 0, the prod-
uct of the roots is positive. Equation (3.3) has there-
fore either all positive roots or pairs of complex conju-
gate roots. The real roots correspond to a stable mode.
The complex roots also correspond to a stable mode
since ReW is always positive, as the equation satisfied
by ReW (equation (3.3)) turns out to be one that has its
coefficients alternately positive and negative. Hence,
Jeans’ criterion for gravitational instability remains un-
changed in this framework for the considered plasma
model.

(ii) Jeans’ criterion in a kinetic framework:

Studies involving the statistical description of self-
gravitating systems with long range interactions re-
vealed some peculiar features exhibited by these sys-
tems, such as negative specific heats [15, 16] and the
so-called gravothermal instability [17], which could
not be accounted for by the conventional theory.
Hence, the need for an extension to the standard
Boltzmann-Gibbs approach was felt. In 1988, Tsallis
provided a solution to such problems by proposing the
nonextensive generalization of Boltzmann-Gibbs sta-
tistical mechanics that came to be known as “Tsallis’
statistics”. Tsallis’ statistics provided the appropriate
framework for the analysis of nonextensive effects that
modify Jeans’ gravitational instability criterion. Lima,
Silva, Santos and J. Du have efficiently tackled this
problem, considering a g-nonextensive velocity dis-
tribution function of the kinetic theory in accordance
with Tsallis’ thermostatistics. The difference in the two
approaches lies in the choice of the definition of the
mean square velocity (v2) of the particle. The former
has worked with the standard definition of the expec-
tation value, while the latter has used the new expecta-
tion value as defined in Tsallis’ statistics. We wish to
move along the line of Du’s approach, as the second
choice seems more appropriate.

According to Du, when the nonextensive effect is
considered in the framework of Tsallis’ statistics, the
equation of state of an ideal gas can be written as

Py = nkTq with the physical temperature Tqy, a vari-
able that depends on the nonextensive parameter g as

Tq= (5 3q) Consequently, the speed of sound can be
written as Sy = % significantly different from the

one in Boltzmann-Gibbs’ statistics (9 =1, Tq = T).
Equation (2.6) is thus modified as

=V (6p—S0p), (42

d

5 (8P —158p)
and on solving Jeans’ problem determined by (2.1) -
(2.5) and (4.2), we get the critical wave number for the
instability:

kc:iVGp(S‘M:kJ @ /(1+a), (4.3)

where kj is Jeans’ wave number. Hence, Jeans’ cri-
terion is modified due to the nonextensive effects by

the factor 4/ 539 3q) where g lies in the range 0 < g <
5/3. The new crltlcal wave number kc depends on the
nonextensive parameter g as follows:

(@) If g=1, Jeans’ criterion is recovered perfectly;
k < ke =k;.

(b) If 0 < g< 1, Jeans’ criterion is modified as
k < ke > ki.

(c) If 1 < g<5/3, Jeans’ criterion is modified as
k> ke < k;.

(d) If g—5/3, ke — 0, i.e. Ac — oo, the self-
gravitating system is always stable.

The results (b) and (c) are worth to be analyzed.

Considering (b), for a gas with 0 < q < 1, the critical

wave number is increased by \/ G 3q and the system
may exhibit gravitational mstablllty even if the wave
number of the density fluctuation is greater than Jeans’
wave number kj. Hence, the system with 0 < q < 1,
which was believed to be gravitationally stable on the
basis of the standard Boltzmann-Gibbs’ statistics, may
now be unstable according to Tsallis’ statistics. How-
ever, from result (c) it is seen that for a gas with
1 < g < 5/3, the critical wave number is decreased by

\/ (539 3q and the system may remain stable even if the
wave number of the density fluctuation is smaller than
k;. Hence, such a system, which was believed to be
gravitationally unstable under the standard Boltzmann-
Gibbs’ statistics may now remain stable according to
Tsallis’ statistics.
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Fig. 1. Variation of the growth rate (negative real W) with the
wave number (k) for L=1.0, v =0.1, y =1.0and n = 1.0.
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Fig. 2. Variation of the growth rate (negative real W) with the
wave number (k) for vg =1.0, L= 1.0, v =0.1and y = 1.0.

These results are quite different from the fluid the-
ory approach discussed in part (i) of this section. How-
ever, the basic instability criterion is maintained: per-
turbations with k > k¢ do not grow while instability
takes place for k < kc.

4.2. Numerical Calculations

In order to study the influence of various physical
parameters on the growth rate of an unstable mode, we
have performed numerical calculations of the disper-
sion relation (3.3) to locate the roots of W against k
for several values of parameters. For these calculations
we took numerical values for conditions prevailing in
magnetic collapsing clouds:

p=17x10"2 kgm3,
G=6.658x 10 T kgtm®s7?,
& =25%x108m?s72,
V2 =5x108m?s2.
The critical wavelength for the gravitational insta-

bility of a homogenous infinitely extending plasma is
of the order 10%° m. We have, therefore, calculated the
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Fig. 3. Variation of the growth rate (negative real W) with the
wave number (k) for vp =1.0,L=1.0, y =1.0and n = 10.0.
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Fig. 5. Variation of the growth rate (negative real W) with the
wave number (k) for vg =1.0, v =0.1, y =1.0and n = 1.0.

roots of the dispersion relation (3.3) for different val-
ues of the parameters vg, 1, ve, L, x characterizing,
respectively, the viscosity, finite conductivity, collision
with neutrals, Hall currents and thermal conductivity,
taking multiples of 10~2° as the values for the wave
number.

The numerical calculations are presented as graphs
in Figs. 1 -5 where we have taken the growth rate (neg-
ative real root of W after multiplying by 10%) against
the wave number k (after multiplying by 102°) for
vo = 2, 4, 6 (after multiplying by 10%); for n =5, 10,
15 (after multiplying by 10%); for v¢ = 0.1, 0.2, 0.3
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(after multiplying by 10%); for L = 1, 2, 3 (after mul-
tiplying by 10%) and for y = 1, 2, 3 (after multiplying
by10%).

It is seen from Figs. 1, 2 and 4 that for a con-
stant wave number k, the growth rate W decreases with
increase of the ion viscosity (vo), finite conductivity
(1) and thermal conductivity (y), respectively, thereby
proving the stabilizing character of these physical pa-
rameters.

Similarly, by studying Figs. 3and 5 it is clear that for
a constant wave number k, the growth rate W predom-
inantly increases with increasing collisions with neu-
trals (vc) and Hall currents (L), respectively, thereby
emphasizing the destabilizing influence of these pa-
rameters on the growth rate.

We may thus conclude that the viscosity, finite con-
ductivity and thermal conductivity have a stabilizing
influence, while collision with neutrals and Hall cur-
rents have a destabilizing influence on the growth rate
of an unstable mode of disturbance.
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Conclusion

We have studied Jeans’ gravitational instability of
an infinitely extending, homogenous, partially ionized
plasma under the combined effects of several physi-
cal parameters. Particularly, Hall currents and collision
with neutrals are found to have a destabilizing influ-
ence on the growth rate of unstable modes of distur-
bance. The effect of nonextensivity on Jeans’ criterion
has been discussed in the framework of the kinetic the-
ory and, although, the Jeans’ criterion is modified by
the presence of the nonextensive q parameter, the basic
instability criterion is maintained.
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